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Abstract-The steady combined convection of a Boussinesq fluid enclosed between two concentric rotating 
spheres is analytically investigated. The spheres rotate at constant rates and are maintained at uniform, but 
unequal temperatures. A uniform gravity field acts parallel to the rotation axis. The governing equations are 
solved using a partial spectral expansion method. This method provides solutions for Reynolds and Prandtl 
numbers significantly larger than currently available. The general nature of the flow field is shown to depend 
on the Reynolds number, the Prandtl number, and the Grashof number (presented in the ratio Gr/Re’). 
Increasing any or all of these parameters causes enhanced convective heat transfer and an increase in the 
torque required to rotate the spheres. The secondary flow field is strongly dependent on the ratio GriRe’, 

approaching the single-eddy pattern of natural convection as Gr/Re’ becomes large. 
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coordinate unit vector; 
angular momentum coefficient function; 

gravitational force vector ; 
gravitational acceleration constant; 
Grashof number, g&T, - T,)R:/v’ ; 
temperature coefficient function ; 
thermal conductivity of the fluid; 

dimensionless torque; 
creeping flow dimensionless torque; 
Legendre polynomial of the first kind of 

order n; 

Prandtl number, v/a; 

total heat transfer rate across the spheres; 
total conduction heat transfer rate across 
the spheres; 

r’, radial coordinate; 

Ra, Rayleigh number, GrPr; 

Re, Reynolds number, o,Rz/v; 

T, fluid temperature. 

NOMENCLATURE 

Greek symbols 

a, thermal diffusivity of the fluid; 

B? coefficient of volume expansion of the 
fluid ; 

i, dimensionless temperature function; 

i EI conduction temperature distribution; 

% radius rgtio of the spheres, RI/R, ; 
0, latitudinal coordinate; 

K viscosity of the fluid ; 

P? angular velocity ratio of the spheres, 

%/WI ; 
V, kinematic viscosity of the fluid; 

n, 3.14159.. . . ; 

* Currently employed by: EG & G Idaho, Inc., Code 
Assessment Branch, P.O. Box 1625, Idaho Falls, Idaho 83401, 
U.S.A. 

longitudinal coordinate ; 
stream function ; 
angular velocity of the fluid, Q/(r* sin* 0) ; 

characteristic angular velocity of the 

spheres ; 
angular momentum function; 
Laplacian operator. 

Superscripts 

( )‘* dimensional or physical quantity. 

Subscripts 

I 1:: 

inner sphere quantity ; 
outer sphere quantity ; 

It 

radial component; 
latitudinal component ; 

( I*9 longitudinal component. 

1. INTRODUCTION 

COMBINED convection in rotating spherical annuli has 

recently been studied in a series of papers [l]-[4] 
dealing with uniform radial stratification of the fluid. 

In this paper, we present an approximate solution for 
combined convection in a rotating spherical annulus 

with the gravitational field parallel to the rotation axis. 
Although seemingly a minor change, the two problems 
are entirely different, being the same only in the forced 
convection limit. While the former configurations were 

applicable to some geophysical or meteorological 
situations, the present configuration models such 
physical flows as a rotating sphere viscometer [S] or a 
special purpose heat exchanger, either attractive for 
high pressure fluids. The interaction of the buoyancy 
and centrifugal forces also provides many interesting 
flow situations ranging from natural to forced 

convection. 
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Previous research concerning axially stratified 

spherical annulus flow can be divided into two groups : 
natural and combined convection flows. The problem 
has been approached both analytically and 

experimentally. 

Photographic studies and measured temperature 
distributions in natural convection flows were first 

presented by Bishop rt al. [6], [7] in which specific 

flow regimes were identified as dependent on the 
diameter ratio. Later experiments broadened these 
results to include diameter ratio studies and Grashof 

numbers ranging from 0.4 to 1.3 x IO8 [8]-[IO]. 

Nusselt-Grashof number correlations were also pre- 
sented. Powe [ 111 has provided limits of relative gap 
width for which various Nusselt number correlations 
for spherical and cylindrical enclosures are applicable. 

Mack and Hardee [12] studied the natural con- 

vection problem analytically by using a perturbation 
expansion in terms of powers of the Rayleigh number. 

Results included streamlines, velocity and temperature 
distributions, and the local and total surface heat 

transfer rates. Their Nusselt number dependence on 

the Rayleigh number compared with the earlier expe- 
rimental correlations. 

Combined convection flows were first studied by 
Riley [13] and Riley and Mack [14] by using a low 
order regular perturbation expansion in powers of the 

Reynolds number. The available flow regimes induced 

by the various rotation rates of the boundaries were 

studied and expressed in a flow map. Secondary flow 

contours were presented which showed the effects of 

increased stratification. Maximum values of the Rey- 

nolds numbers allowed were 0( 1). To the order of 
solution presented, the total heat transfer rate was 

essentially that due to conduction. 

Bestman [5] has presented a simplified analytical 
study of slow viscous convection in a concentric 

spherical viscometer. Only the primary flow was 
included in the analysis and was introduced in the 

dissipation terms of the energy equation. Body force 
effects were ignored. The intent was to provide a 

method to determine both a fluid’s viscosity and 
thermal conductivity in one apparatus. 

Experimental studies of combined convection were 
presented by Askin [15] and Maples et al. [16]. In 
these results only the inner sphere was allowed to 

rotate. Tabular and graphical results were presented 
for the Nusselt number dependence on the Grashof 
and Reynolds numbers. Reynolds numbers ranged 
upward from 3000. 

In this paper, a broad range of combined convection 
flows in a rotating spherical annulus are studied 
analytically by using the method of partial spectral 
expansions. Valid solutions are found for Reynolds 
numbers up to two orders of magnitude larger than 
currently available. The effects of increasing Reynolds 
and Prandtl numbers, and buoyancy forces are in- 
dividually studied. Results for the total heat transfer 
rate and rotational torque are also discussed. 

2. GOVERNING EQUATIONS AND SOLUTION METHOD 

A viscous Boussinesq fluid [17] fills a spherical 

annulus whose boundaries rotate at independent rates. 

Of principal importance is the orientation of the 

gravitational field, acting (uniformly) parallel to the 

rotation axis as g = gO( - cos 0 i, + sin H 6,). Unlike 

the earlier studies with uniform radial gravity [l]-[4], 
a subcritical flow (i.e. natural convection) can here be 

induced solely by the body forces if a temperature 

difference between the spheres exists. 

Following Douglass rt ul. [1,2], the equations 
governing the flow are written in terms of the stream 

function, I&,@), in a meridian plane representing the 
secondary flow, an angular momentum function, 
Qr, Q), representing the primary flow, and a tempera- 

ture function, ((r, 0). The physical variables describing 
the flow are related to these dimensionless variables as 

r’ = R,r. 

R 
t&= R,w,~= 

r sin 0 
R,w,(r sin H)w, 

and 

7-’ = (T, - T,)i + T,, 

where the nondimensionalization employed R,, co; I, 

and (T2 - T,) as the characteristic length, time, and 
temperature scales. Note that co(r,O) is the fluid’s 

angular velocity about the rotation axis and is related 

to Q(r, 0) as shown. The appropriate equations govern- 

ing the steady flow are [18] : 

RC? 
D2Q = ~ 

r2 sin 0 
(24 

subject to (cf. [ 181) the no slip condition at the rotating 
boundaries and uniform (but different) boundary 
temperatures. Here, J represents the Jacobian de- 
terminant, D2 = c?2/c?r2 + r-2(iY2/S12 - cot 0 i?/%), 

D4 = D2(D2). The solutions have, in general, only axi- 
symmetryandexist inadomainq 5 r I 1,O 5 0 I n, 
and 0 I 4 I 27~. The usual dimensionless groups 
characteristic of combined convection appropriately 
appear in the governing equations (2). 

Since the governing system of equations is both 
coupled and non-linear, the method of partial spectral 
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expansions was used to determine the spatial behavior 
of the dependent variables. This method has been 
extensively studied by Orszag and his associates (for 
example, [19]) and has previously been applied to 
viscous flows (e.g. [20]) and to heat transfer problems 
(e.g. [l]-[3], [21]). The general application of the 
method is outlined in [21] and a detailed discussion of 
its use in the present problem is given in [18]. The 
advantage of this method over perturbation expansion 
methods is that solutions can be found for larger values 
of Re, Pr, and Gr/Re2. In some cases solutions can be 
found which approach hydrodynamic instability [20]. 

3. RESULTS AND DISCUSSION 

The flow in a heated rotating spherical annulus is a 
complicated composite of the primary and secondary 
flow which, in turn, is linked to the temperature 
distribution. Of course, the latter is determined in part 
by the boundary temperatures. The primary flow (a or 
w) is established by the rotation of the boundaries 
while the secondary flow (I,+) has its origin in two 
different mechanisms. One is the centrifugal accele- 
ration of the fluid generated by the primary flow and 
the other is the buoyancy force caused by density 
variations due to non-uniform temperatures in the 
fluid. In the first extreme (i.e. given by either isothermal 
flow or forced convection) the flow pattern is well 
established as being both axially and equatorially 
symmetric (e.g. [l] and [20]). The opposite extreme of 
natural convection in spherical annuli has only axi- 
symmetry (with no azimuthal primary flow) and is 
equally well studied as indicated in the Introduction. It 
is, therefore, reasonable that these two mechanisms 
will combine to form flows characteristic of both 
extremes. 

The appropriate index of the relative importance of 
these mechanisms is Gr/Re’ and is seen to multiply the 
body force term of equation (2b). If Gr/Re’ + 0, the 
dominant mechanism is centrifugal acceleration and 
the flow is said to be forced convection. Likewise, if 
Gr/Re’ -+ E, the flow is body force dominated. 
Intermediate values (Gr/Re’ = 0( 1)) show both sorts 
of convection. Dallman [18] has proved that it is 
unnecessary to consider both positive and negative 
values of Gr/Re’ since the flow field in one case is a 
simple rotation of the other with no net change. 

There are four other dimensionless groups which 
appear in the equations of motion and boundary 
conditions. These are the Reynolds (Re) and Prandtl 
(Pr) numbers and the radius (q = RJR,) and angular 
velocity (ii = w2/wI) ratios. Re may be thought of as a 
primary flow parameter, Pr as a fluid property index, 
and q and i as boundary condition parameters. Of 
major interest here is the effect on the flow of 
increasing Re, Pr and Gr/Re2. In order to limit the 
discussion to these effects, q will be maintained at 0.5 
while only two values of i will be used. The general 
nature of q and /i effects are given in [4] and [14]. 
Because of the axial symmetry, the flow field need only 
be shown in a representative meridian plane. 
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FIG. 1. Secondary flow for Re = 50 and with i = 2, q = 0.5, 
Re = w,R:/v, Gr/Re2 = 1 and Pr = 1. Values shown are lo4 
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Reynolds number effects 
The first effect to be discussed is that of increasing Re 

(for q = 0.5, k = 2, Gr/Re2 = 1 and Pr = 1). Figure 1 
shows streamlines for a Reynolds number of 50. 
Clearly, the characteristic ‘kidney’ shaped eddy of 
natural convection is present [6,7] ; however, the 
centrifugal accelerations due to rotation result in an 
enhanced counterclockwise circulation. For larger 
values of Re this effect continues, increasing nearly 
linearly with Re. Regions of up- and down-drafts are 
also increasingly concentrated near the solid boun- 
daries as Re increases. The low Reynolds number 
circulation result compares favorably with that of 
Riley and Mack [13,14]. There is little distortion of the 
streamlines in any of these moderate Re cases. 

Figure 2 shows isotherms for the same parameters as 
Fig. 1. The basic nature of low Re isotherms consists of 
lines of constant [ which are almost concentric circles, 
varying little from the conduction solution : i,(r) = (1 
- v/r)/(l - q). As Re is increased to 50 (Fig. 2), the 
isotherms are pushed slightly toward the outer sphere 
in the southern hemisphere and toward the inner 
sphere in the northern. This trend significantly in- 
creases as Re increases. Such behavior is explained in 
terms of the secondary flow results of Fig. 1. For Gr 
positive, the outer sphere is warmer than the inner 
sphere. As cool fluid is swept upward from its coldest 



Prandtl number effects 
so The second parameter to be studied is the Prandtl 

number, Pr = v/a. All other flow parameters are held 
at r~ = 0.5, F = 2, Re = 50, and GrlRe’ = 1. Trends are 
adequately shown by illustrating two values: Pr = 1 
and Pr = 10. The flow fields for Pr = 1 have been 
shown in Figs. 1 for $, 2 for [ and 3(a) for w. 

r- Since the Prandtl number is concerned with fluid 
properties only, changing Pr can be thought of as 
altering the working fluid, say, from air to water. A 
large value of Pr implies that the fluid is relatively more 
able to diffuse momentum than energy, thus velocity 
gradients will be relatively small and thermal gradients 

r- large. For small values (Pr < l), the reverse is true. Pr 
= 1 implies that these gradients are of the same 

180 magnitude. 

FIG. 2. Temperature distributions for Re = 50 with fi = 2, rl 
This behavior is borne out by comparing the 

= 0.5, Re = w,R$Jv, Gr/Re’ = 1 and Pr = 1. 
isotherms shown in Fig. 4(a) for Pr = 10 with those of 
Fig. 2. For the large Prandtl number flow, a region of 
very cool fluid fills a large portion of the southern 

point near the south pole, it is heated by the warm hemisphere forming a thermal boundary layer along 
outer sphere. This tends to create large thermal the southern part of the warm outer sphere. A less 
gradients at the outer sphere near the south pole. The pronounced large region of warm fluid occupies the 
fluid continues to be heated as it moves toward the northern hemisphere with a thermal boundary layer 
north pole and the gradients consequently decrease along the northern inner sphere. Again, these segre- 
until a minimum is reached at the north pole. In a region gated regions are only slightly established for Pr = 1. 
near the north pole then, a relatively large volume of In each case, the secondary flow causes the fluid to be 
warm fluid is established. This is reflected in the swept upward along the warm outer sphere and 
isotherms being more concentrated near the inner downward along the cool inner sphere. As it does, the 
sphere. A cooling sequence identical to that for the larger Pr is more resistant to changing its temperature, 
outer sphere occurs as the warm fluid sweeps along the causing large warm and cool regions to persist in the 
cool inner sphere which ultimately causes a relatively annulus. 
large area of cool fluid near the south pole to develop. This phenomenon has implications principally for 

The fluid’s angular velocity distribution is shown in the secondary flows. Once a significant segregation of 
Fig. 3 for the same set of parameters. The small Re fluid has been established, the warm fluid near the 
results again show a characteristic concentric circle north pole and the cool fluid near the south pole are 
distribution. As Re is increased, these contours become increasingly resistant to being moved from their stable 
dramatically distorted; in some cases the fluid rotates alignment with the gravitational field. Thus, the secon- 
faster than the boundaries. Although seeming at first dary flow circulation of Fig. 1 for Pr = 1 is signi- 

to be incorrect, this behaviour can be shown to be ficantly retarded as shown in Fig. 4(b) for Pr = 10. It 
possible by referring to the isotherms of Fig. 2 and remains undistorted, however, The primary flow, w, is 
recalling conservation of angular momentum. From not significantly different from that for Pr = 1. This is 
Fig. 2 it is seen that as Re increases, relatively larger not an unexpected result since the enhanced thermal 
regions of warm and cool fluid form near the north and segregation of the fluid for increasing Pr does not 

south poles, respectively, as compared to the low Re directly influence w (or Q) in the governing equations 
results. This demands that the cooler, more dense fluid (cf. equation 2(a)). The basic explanation for the 
rotate slower than the comparable forced convection curious behavior of w, however, remains unchanged. 
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flow. The warmer, less dense fluid-must likewise rotate 
faster, in some cases exceeding the angular speed of the 
boundaries. For the Re = 100 case, the light fluid is 
moving over 117% the speed of the outer surface and 
the slow moving cool fluid interacting with the warm 
fluid forms a nearly horizontal equatorial shear layer. 
A distinct boundary layer also develops along the 
inner sphere. Experimental verification of these results 
is not available in the literature to the authors’ 
knowledge. 
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FIG. 3. Angular velocity distributions for (a) Re = 50 and (b) 
Re = 100, and with ji = 2, q = 0.5, Re = o,R:Jv, Gr/Re’ = 1 

and Pr = 1. 

FIG. 4. The effect of increasing the Prandtl number on the 
flow field. (a) isotherms,[. (b) secondary flow, lo4 x - $. ,!i = 
2, q = 0.5, Re = 50 = corR:/v, GrJRe2 = 1, and Pr = 10. 
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FIG. 5. The secondary flow field as influenced in increasing buoyancy forces for fi = - l/3, q = 0.5, Re = 50 
= cu,R:/v, and Pr = 1. (a) GrlRe’ = 0, (b) GriRe’ = 1110, (c) GriRe’ = l/3 and (d) Gr/Re’ = 1. Values 

shown are lo4 x II/. 
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Gr/Re’ effects 
The final series of results illustrate the relative effect 

of increasing gravitational forces as characterized by 
Gr/Re2. These results are presented for ye = 0.5, ii = 
O&JJ~ = - l/3, Pr = 1 and Re = 50. fi = - l/3 implies 
that the inner sphere is rotating three times as fast as 
the outer sphere and in the opposite direction. These 
results are perhaps most interesting since the com- 
petition between the centrifuge accelerations and 
buoyancy forces is vividly seen. 

First the results for the secondary flows are dis- 
cussed (Fig. 5). In Fig. 5(a) Gr/Re2 = 0, implying that 
buoyancy forces are zero. The flow is then entirely 
responsive to the centrifugal acceleration of the fluid. 
This flow has equatorial symmetry. In the northern 
latitudes, two eddies are observed, one near the inner 
sphere with a counterclockwise circulation and one 
along the outer surface with clockwise circulation. For 
this particular value of j, an additional competition 
aside from that between centrifugal and buoyancy 
forces exists in that the centrifugally driven secondary 
flow established by the inner sphere is not sufficient to 
dominate that of the outer sphere, and vice versa. Thus, 
both are manifest within the annulus. In Fig. 5(b), a 
slight buoyancy force has been introduced to the fluid. 
Already, the secondary flow has been altered with 
equatorial symmetry abolished through communi- 
cation between the two counterclockwise eddies. This 
direction of circulation is preferred and encouraged by 
the gravitational field. As the buoyancy forces are 
increased through Gr/Re* = l/3 to I [Fig. 5(c) and 
(d)], the counterclockwise eddies are totally merged 
and enhanced while the two clockwise eddies are 
reduced in size and magnitude. Even for Gr/Re2 = 1, 
the cent~fugally driven eddies are not obscured in- 
dicating both driving mechanisms still exist. These 
results are qualitatively the same as those in [ 141 for 
Re = 3. 

For this set of flow parameters, the isotherms and 
angular velocity contours remain nearly unaltered 
from their characteristic forced convection, concentric 
circular pattern. The interested reader may refer to 
[18] for these results. 

Net heat transfer rate and ~o~e~~ acting on the spheres 
Of particular interest is the overall considerations of 

heat transfer and torque. These will be of importance 
in thermal design applications since for each net heat 
exchange rate, power (i.e. torque) will need to be 
supplied in order to keep the spheres in motion. Each 
quantity is found by the integration of a gradient over 
the surface of a sphere, and is seen to depend on all of 
the flow parameters. 

Consider first the net rate of heat transfer across a 
solid spherical surface defined as 

Q=: Q' s n 

k&V, - T,) 
= 2n 

i?=lJ 

x sinB[r2$]V,1dB =4n(r22)q,; (3) 

where k,(r) is the first coefficient in the spectral 
expansion for temperature (cf. [ 183). The total rate of 
heat transfer for conduction only is used to normalize 
Q’ giving 

where 

Q: = (1 _ rl) 
-9--[R*k(T* - T,)]. (5) 

In steady flows, the net rate of heat transfer across each 
sphere must be the same, since dissipation has been 
neglected. 

From the energy equation (2~) the mechanism for 
convection is observed to be only the stream function. 
This must be so in the assumed axially symmetric 
flow. Thus, the explanation of the behavior of Q/Q, as 
it depends on the flow parameters is linked to that of II/. 
Specifically, the size of the convective energy terms 
(involving 4 and II/) is indicated by the product RePr. 
Referring to Figs. 1 and 4, the magnitude of the 
secondary circulation generally increases with Re and 
Pr. It is reasonable to suppose, then, that Q/Q, will as 
well. This behavior is borne out by the typical results of 
Fig. 6 (solid lines). Here the dependence of Q/Q= on Re 
and Pr is given for Gr/Re’ = 1, ji = 2, and q = 0.5. 

In Fig. 7, the large Re (> 300@) experimental results 
for p = 0 (only the inner sphere rotating), q = 0.5 and 
Pr = 0.72 as reported by Maples et al. [16] are 
compared to the current intermediate values of Re 
= 100 for Pr = 1. The experimental data were 
presented in tabular (and graphical) form in [16] as 
Nusselt numbers (Nu here appropriately converted to 
Q/Q,) for given Grashof and Reynolds numbers with 
four values of Nu in each set of Re data. The Reynolds 
numbers were nearly constant for each run with a 
maximum deviation of less than lo?:. Grashof num- 
bers were varied widely within each set. Curves shown 
in Fig. 7, then, present results for average Reynolds 
numbers (We) for each set of data in [16]. While the 
hydrodynamic stability of the experimental combined 
convection flows is not known, it is at least probable 
that the flow field has characteristics of turbulence 
based on the viscous flow data of Munson et al. [22, 
231 who have shown that the viscous flow is unstable 
for Re 2 1300. The current data found here are for 
laminar flows. As GrJRe’ --+ 0, the forced convection 
minima of Q/Qc are approached. There is a tendency in 
each case presented for the total rate of heat transfer to 
increase with increasing buoyancy forces. The prin- 
cipal reasons for this behavior are that the secondary 
flow circulation in combined convection is generally 
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FIG. 6. The effect of increasing Re and Pr on the total heat transfer rate (solid lines) and on the torque 
required to rotate the spheres (dashed lines) for ji = 2, q = 0.5, and Gr/Re’ = 1. 

‘1, ’ ’ ’ ’ ’ s . I 
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FIG. 7. Combined convection total heat transfer rates for i = 0, q = 0.5, and Pr = 1 for the current results 
and Pr = 0.72 for the large Re experimental data [16]. 

stronger than in forced convection and that a single where f0 and fi are the first two coefficients in the 
eddy usually sweeps past the entire spherical surface in spectral expansion for Cl (cf. [ 181). As for the total heat 
combined flows in contrast to the equatorially sym- transfer rate, the total moment is normalized. Here, 
metric eddy pattern in forced flows. This phenomenon this quantity is the creeping flow torque, Mb, repre- 
is in contradiction to the usual external flow situation senting the torque in the absence of any secondary 
where heat transfer is enhanced by an increasing flow, defined as 
degree of forced convection as reported by Yuge [24], 
for example, for mixed convection due to a single Mb = gn&(~-$;+ (7) 
rotating sphere in air. 

The final quantity to be discussed is the torque giving 
required to rotate the spheres defined as: 

= in[r2($(f0 - fh) 

-;(J, -;.L))]V~r =+. 

(8) 

Again, the magnitude of the torque required to rotate 
each sphere must be identical in steady state flow. 

Typical results for the dependence of the torque on 
both Re and Pr are shown in Fig. 6 (dashed lines) for ii 

(6) = 2, q = 0.5, and Gr/Re’ = 1. Note that the general 
behavior of both Q/QC and M/M, is similar. Of most 
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FIG. 8. Combined convection effects on the moment acting 
on the spheres for ji = 0 and 2, q = 0.5, Re = 100, and Pr = 1. 

significance is the result showing the relative in- 
sensitivity of the torque to increasing Pr. By referring 

to equation (2a), however, the primary flow, hence the 
moment, does not directly depend on Pr as the heat 
transfer results do. Only through the changes in 3/ 
induced by the energy equation (2c), are Pr effects 
introduced to the angular momentum equation (2a). 

The effect of increasing buoyancy forces on the 
moment are shown in Fig. 8. Since Gr/Re’ directly 
influences + in equation (2b) and thus R in equation 
(2a), an altered secondary flow will cause distortions in 
the primary flow yielding the net effect of increasing 
~/~~. Experimentally measured moments for com- 
bined convection flows are as yet unavailable in the 

literature. 

4. CONCLUSION 

Approximate solutions for the steady combined 
convection in a rotating spherical annulus have been 
found and discussed for Reynolds and Prandtl num- 
bers much larger than currently in the literature. A 
gravitational field parallel to the rotation axis provides 
the driving force for buoyancy effects when the spheres 
are maintained at different temperatures. The flow is 
assumed to be axisymmetric, and thus is a function of 
only the radial and meridianal coordinates. 

Five parameters which arise from the non- 
dimensionalization affect the flow. The radius ratio, q 
= R,/R2, was fixed at a value of 0.5, a compromise 
between narrow-gap and wide-gap geometries. The 
angular velocity ratio, ji = W&Q, affects the nature of 
the secondary flow field for small Grashof numbers. 
Negative values of ji may cause double-eddy patterns, 
while positive values result in single-eddy patterns. 
Increasing the Reynolds number enhances the secon- 
dary flow circulation by increasing centrifugal forces, 
and tends to improve heat transfer. The Grashof 
number is an indicator of the importance of buoyancy 
forces and appears in the ratio Gr/Re2. Changing the 
sign of Gr has the effect of rotating the flow pattern ($, 

w and 4) 180” and changing the sign of $. For Gr > 0, 
increasing Gr/Re’ causes negative (counterclockwise) 
eddies to be enhanced and positive (clockwise) eddies 
to be retarded. In both cases, as ]Gr/Re’I+ cc, the 
flow approaches that for natural convection, and heat 
transfer is improved. Increasing the Prandtl number 
results in a slightly retarded secondary flow, and 
causes locally larger temperature gradients. This re- 
sults in larger totai heat transfer rates. The torque 
required to rotate the spheres also increases with 
increasing Re, Gr/Re’, and Pr. 
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CONVECTION DANS UN ESPACE ANNULAIRE SPHERIQUE TOURNANT 
DANS UN CHAMP GRAVITATIONNEL AXIAL ET UNIFORME 

RcisumC-On ltudie la convection stationnaire d’un fluide de Boussinesq entre deux sphtres concentriques 
qui, tournant tides vitesses lgales et constantes, sont maintenues ides tempkratures uniformes mais inCgales. 
Un champ uniforme de pesanteur lgit parall~lement B I’axe de rotation. Les tquations sont rtsolues en 
utilisant une mCthode de dCveloppement spectral partiel. Cette mtthode donne des solutions pour des 
nombres de Reynolds et de Prdndtl plus &&es que de coutume. 

La nature g&n&ale du champ d’Ccoulement dtpend des nombres de Reynolds, de Prandtl et de Grashof 
(prksent dans le rapport Gr.!Re’). Un accroissement d’un quelconque de ces paramitres provoque une 

augmentationdutransfertthermiqueetun accroissement ducouplenCcessairepourfairetournerlessphires. 
L’tcoulement secondaire est fortement dependant du rapport Gr/Re’ et il approche la configuration de 

convection naturelle a un seul tourbillon quand Gr!Re’ devient grand. 

KONVEKTION IN EINEM ROTIERENDEN SPH.&RISCHEN RINGRAUM MIT EINEM 
GLEICHFiiRMIGEN AXIALEN GRAVITATIONSFELD 

Zusammenfassung--Es wird die stationrire, gemischte Konvektion eines Boussinesq-Fluids, das zwischen 
zwei konzentrischen, rotierenden Kugelschalen eingeschlossen ist, analytisch untersucht. Die Kugelschalen 
rotieren mit konstanten Geschwindigkeiten und werden auf gleichfiirmigen, aber unterschiedlichen 
Temperaturen gehalten. Parallel zur Rotationsachse wirkt ein Gravitationsfeld. Die Bestimmungsgleichun- 
gen werden mittels einer partiellen, spektralen Reihenentwicklung gel&t. Diese Methode liefert Liisungen 
fiir bedeutend griiljere als die gegenwirtig erreichbaren Reynolds- und Prandtl-Zahlen. Die allgemeine 
Beschaffenheit des StrGmungsfeldes erweist sich als abhangig von der Reynolds-Zahl, der Prandtl-Zahl und 
der Grashof-Zahl (dargestellt in AbhCngigkeit vom Verhaltnis GrlRe2). Die VergriiBerung einzelner oder 
aller Parameter bewirkt erhb;hten konvektiven WCrmeiibergang und eine Zunahme des fiir die Rotation der 
Kugelschalen erforderlichen Drehmoments. Das sekundare StrGmungsfeld ist stark von dem Verhgltnis 
Gr/Re’ abhgngig und nahert sich dem Einzelwirbel-Muster der freien Konvektion, wenn Gr/Re’ yron wird. 

KOHBEKUMR BO BPAUAIOUEMCII C@EPMYECKOM KOJIbuEBOM 3A30PE fIPI4 
HAJIMYHM OflHOPOfiHOrO OCEBOrO rPABMTAUMOHHOI-0 IIOJIll 

Awo+aqwa - B npe6na~eHas EyccsHecKa aHan&iTAqecKH Bccnenyel-cn cTaueoHapHaa KOM6BHApO- 

BaHHall KOHBeKuPIl B XGU,KOCTII, nOMcmeHHOii MeXWy RByMA KOHUeHTpA'SeCKHMH C+epaMH. apaW+- 

KIUUHMUCRC nOCTORHHOfiCKOpOCTbKI H HMcEOUII(MH IlOCTO5lHHylOo.HOpa3HyIO TeMnepaTypy. OAHO~OLI- 

HOC nO,,e Tll)l(eCTH Ha"paaJEH0 nLipaJlnC,,bHO OCH BpamcHlrSI. OCHOBHbIc ypaBHeHItS pelllakOTCR C 

no~otqbm h4eTona cneKrpanbHor0 pa3noxeHHn. 3~0~ MeTon no3aonaeT nonyrarb petuemin nnfi 

3HaqeHHii gxcen Pei%iHonbnca ri npannma, H~MHO~O npeBbnuaWmtix -le. KoTopble accnenoaanucb a0 
HaCTOIlmerO BpeMeHa. 

norasaso, v~o 06quii xapaKlep TeveHHx 9a~kickf~ 0~ qucna PeiiHonbnca. YIic,la npaanT,ln M 
VHCna rpaCr~a(npeaCraBncHHblXO-rHOmcHeeM Gr/Re’). POCT nro6oro li3 31‘HXnapaMeTpOBBbI3bIBacT 

AHTeHCUl$)HKaqHKl KOHBeKTHBHOrO rennonepcuoca H yeenaqemie MOMeHTa spameHHR c@ep. KapTaHa 
BTope~Horo TegeH1111 CBnbHO 3aB&icBl 01 OTHOuIeHAIl Gr/Re’ I( c ero yeenHsemieM cTpeMsTcn K 

C-rpyKType eCTeCTBcHHOKOHBcKTHBHOr0 TeqeHHR C cUI1HHqHblM BHXpeM. 


